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Abstract
The well-known dominating circuit conjecture has several interesting reformulations, for example conjectures of Fleischner,
Matthews and Sumner, and Thomassen. We present another equivalent version of the dominating circuit conjecture considering
subgraphs of essentially 4-edge-connected cubic graphs.
Let S = {u1, u2, u3, u4} be a set of four distinct vertices of a graph G and V2(G) be a set of all vertices of degree 2 of a
graph G. We say that G is S-strongly dominating if the graph arising from G after adding two new edges e1 = xy and e2 = wz
such that {x, y, w, z} = S has a dominating closed trail containing e1 and e2. We show that the dominating circuit conjecture is
equivalent to the statement that any subgraph H of an essentially 4-edge-connected cubic graph with |V2(H)| = 4 and minimum
degree δ(H) = 2 is strongly V2(H)-dominating.
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1. Introduction
All graphs considered in this paper are finite loopless undirected graphs allowing multiple edges. For concepts and
notation not defined here we refer the reader to [1]. A dominating closed trail in G is a closed trail T in G such that
every edge of G has at least one vertex on T . Note that if T is a dominating closed trail in a graph G with maximum
degree∆(G) ≤ 3, the trail T becomes a circuit and we call it a dominating circuit. A graph G is said to be essentially
4-edge-connected if G does not contain an edge cut S with at most three edges such that at least two components of
G − S are not edgeless.
The statement “Every essentially 4-edge-connected cubic graph has a dominating circuit” is the well-known
dominating circuit conjecture which has resisted complete solution for many years. This conjecture has several
interesting equivalent reformulations.
In [2] Fleischner and Jackson showed that the dominating circuit conjecture is equivalent to another well-known
conjecture of Thomassen [7]. In [6] Ryja´cˇek showed by using a claw-free closure concept an equivalence with the
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conjecture of Matthews and Sumner. In [4] Kochol showed equivalence with Fleischner’s conjecture and, together
with Fleischner, in [3] reformulated the dominating circuit conjecture to an interesting (seemingly stronger) form. We
summarize this in the following theorem.
Theorem 1.1. The dominating circuit conjecture is equivalent to the following statements:
(i) Every 4-connected line-graph is hamiltonian.
(ii) Every 4-connected graph with no induced K1,3 is hamiltonian.
(ii) Every essentially 4-edge-connected cubic graph which is not 3-edge colorable has a dominating circuit.
(iv) Every essentially 4-edge-connected cubic graph has a dominating circuit containing any two given edges.
In this work we present another equivalent version of the dominating circuit conjecture considering subgraphs of
essentially 4-edge-connected cubic graphs.
2. Main result
We first introduce some necessary notation. Let S = {u1, u2, u3, u4} be a set of four distinct vertices of a graph
G and V2(G) be a set of all vertices of degree 2 of a graph G. We say that G is S-strongly dominating if the graph
arising from G after adding two new edges e1 = xy and e2 = wz such that {x, y, w, z} = S has a dominating
closed trail containing e1 and e2. Note, that if G contains the edge xy (or wz) then our new graph has become a
multigraph with the multiedge xy (or wz respectively). We show that the dominating circuit conjecture is equivalent
to the statement that any subgraph H of an essentially 4-edge-connected cubic graph with |V2(H)| = 4 and minimum
degree δ(H) = 2 is strongly V2(H)-dominating.
Using notation defined above the dominating circuit conjecture can be reformulated in the following way:
Theorem 2.1. The dominating circuit conjecture is equivalent to the statement that any subgraph H of an
essentially 4-edge-connected cubic graph with |V2(H)| = 4 and minimum degree δ(H) = 2 is strongly V2(H)-
dominating.
Proof. Let G be an essentially 4-edge-connected cubic graph. Suppose that the statement holds; then if we choose
any two independent edges e1 = u1v1 and e2 = u2v2 of G and set S = {u1, v1, u2, v2}, then since G ′ = G − {e1, e2}
has maximum degree ∆(G ′) ≤ 3 and it is strongly S-dominating, G has a dominating circuit.
Let now focus on the opposite direction. Suppose that the dominating circuit conjecture is true but there is a
subgraph H of some essentially 4-edge-connected cubic graph G satisfying the assumptions of the theorem, such
that H does not have a dominating closed trail containing two added edges e1 = u1v2 and e2 = u2v2 such that
{u1, v1, u2, v2} = V2(H).
For convenience we define the following construction. Let F and M be two graphs and x, y, w, z be four distinct
vertices of M . Put n = |V (F)|,m = |E(F)|. Let F ′ be a copy of F such that V (F) ∩ V (F ′) = ∅. Let ki (resp.,
k′i ), i = 1, 2, . . . n, be the vertices and ei (resp., e′i ), i = 1, 2, . . .m, be the edges of F (resp., F ′) where the vertices
ki and edges ei of F correspond to the vertices k′i and edges e′i of F ′ respectively. Take m copies of the graph M
(Mi , i = 1, 2, . . .m) and let xi , yi , wi , zi be vertices of M ′ which correspond to vertices x, y, w, z of M , respectively.
Replace each pair of corresponding edges ei = k jkl , e′i = k′jk′l in this way: delete the edges ei , e′i and add new edges
k j xi , k′j yi , klwi , k′l zi (see Fig. 1). We denote by G(F, M(x, y, w, z)) the resulting graph.
Now, take two disjoint copies H ′, H ′′ of the graph H , two new vertices x, y and construct a new graph M by
setting V (M) = V (H ′)∪V (H ′′)∪{x, y} and E(M) = E(H ′)∪ E(H ′′)∪{u′2x, v′2y, u′′1x, v′′1 y, xy} (see Fig. 2). Now
take K4 and construct the graph
F = F(K4, M(u′1, v′1, u′′2, v′′2 )).
We claim that the resulting graph is cubic and essentially 4-edge-connected.
Claim 2.2. The graph F is essentially 4-edge-connected and cubic.
Proof of Claim 2.2. Clearly F is cubic. Suppose that F is not essentially 4-edge-connected and let R be an edge cut
such that |R| ≤ 3 and at least two components of F − R are not edgeless. It is easy to check that all edges of R
cannot be in F \⋃6i=1(Hi ∪ H ′i ). Therefore some edge of R has to be an edge of a copy of H , say, without lost of
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Fig. 1. The construction of the graph F .
Fig. 2. The construction of the graph M .
generality H1. Let {a1, a2, a3, a4} be the four distinct vertices of H1 having neighbors in F − H1. If all edges of R
are edges of H1 then there is an essential 3-edge cut in G too, a contradiction. Set R′ = R ∩ E(H1). If |R′| = 1, then
again we can easily extend R′ to an essential ≤3-edge cut in G. Thus we have that |R′| = 2 and therefore |R| = 3,
which means that there is an edge e of R such that e ∈ F − H1. The only possible case is that where e is attached to a
vertex a ∈ {a1, a2, a3, a4}, but then we can transform the edge cut R to an essential ≤3-edge cut in G. The claim now
follows. 
We use in our proof the following well-known theorem of McKee.
Theorem 2.3 ([5]). A connected graph is eulerian if and only if each minimum edge cut contains an even number of
edges.
We will need the following notation below. For any vertex x ∈ V (G) and any subgraph H of G, let dH (x) =
|{xy ∈ E(H) : y ∈ V (H)}|. For two subgraphs F and H of G, we define the degree of the subgraph F with respect
to the subgraph H , denoted dH (F), by
dH (F) = |{xy ∈ E(H) : x ∈ V (F) and y ∈ V (H) \ V (F)}|.
For a vertex x ∈ V (F), we use nF (x, H) to denote the number of edges xy ∈ E(F) such that y ∈ V (H), i.e.,
nF (x, H) = |{xy ∈ E(F) : y ∈ V (H)}|.
Let now C be a dominating circuit in F . We claim the following:
Claim 2.4. If there is an i ∈ {1, 2, 3, 4} and s ∈ {1, 2, . . . , 6} such that nC (ki , Ms) + nC (k′i , Ms) is even then
H ∪ {e1, e2} has a dominating closed trail containing the edges e1, e2.
Proof of Claim 2.4. Let k j and k′j be the other two vertices which are adjacent to Ms in G. If nC (ki , Ms)+nC (k′i , Ms)
is even (possibly zero) then by Theorem 2.3 nC (k j , Ms) + nC (k′j , Ms) is even (possibly zero) since dC (Ms) is even.
Since C is connected and dominates the edge xs ys in Ms , where xs and ys are the two vertices in Ms which correspond
to x, y in M respectively, there is at least one copy of H in Ms , say, Hs , such that dC (Hs) = 4; otherwise if both
dC (Hs) ≤ 2 and dC (H ′s) ≤ 2 then C either cannot dominate the edge xs ys or is not connected. Now we can easily
modify C ∩ Hs to our desired dominating closed trail in H ∪ {e1, e2} containing edges e1 and e2. 
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By Theorem 2.3, dC (ki ) + dC (k′i ) is even (possibly zero) for i ∈ {1, 2, · · · n}. Without loss of generality, we can
assume that M1, M2, M3 are the three copies of M adjacent to k1, k′1. Hence there must exist an i ∈ {1, 2, 3}, say,
i = 1, such that nC (k1, M1) + nC (k′1, M1) is even (otherwise nC (k1, Mi ) + nC (k′1, Mi ) = 1 for i ∈ {1, 2, 3}, which
implies that dC (k1)+dC (k′1) =
∑3
i=1(nC (k1, Mi )+nC (k′1, Mi )) = 3, a contradiction). But by Claim 2.4 this implies
that H ∪ {e1, e2} has a dominating trail containing edges e1 and e2, a contradiction. 
Note that the above discussed strongly dominated property of subgraphs of essentially 4-edge-connected cubic
graphs has been verified on snarks [8] up to order 28 by using a computer.
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